There is a complex interplay between the four conductivity values used in the bidomain equation and the resulting electric potential distribution in cardiac tissue arising from subendocardial ischaemia. Based on the three commonly used experimentally derived conductivity data sets, a non-dimensional formulation of the passive bidomain equation is derived, which gives rise naturally to several dimensionless conductivity ratios. The data sets are then used to define a parameter space of these ratios, which is studied by considering the correlation coefficients between different epicardial potential distributions.
Introduction
The intracellular (i) and extracellular (e) longitudinal (l) and transverse (t) conductivities g il , g el , g it and g et combine in a complex fashion to produce electric potential distributions in cardiac tissue. Given the electrocardiographic importance of ST-segment depression and elevation as a diagnostic tool, several studies have been undertaken, which look at the effect these conductivity parameters have on epicardial potential distributions arising from subendocardial ischaemia [1, 2, 3, 4, 5, 6] . Generally, the conductivity parameters used in these simulations have come from detailed experimental measurements of four conductivities [7, 8, 9] . However, due to large variability, and therefore high uncertainty, in these values, researchers have used simulation techniques in an attempt to derive consistent conductivity values [10, 11] .
The initial simulation studies, of the effect of conductivity values on epicardial potential distributions arising from subendocardial ischaemia [1, 2, 3, 4] , merely pointed out that the different conductivity data sets yield significantly different epicardial potential distributions. A more detailed conductivity parameter study has been undertaken [6] , using a parameter space based on variations in conductivity values obtained via simulation studies [11] . The main focus of the above parameter study was to observe current loops within tissue and explain the differences in epicardial potential distributions induced by varying the degree of subendocardial ischaemia.
The aim of the present study is to explain the differences, in epicardial potential distributions, which arise from the three experimentally measured conductivity data sets [7, 8, 9] . The model underlying this study is the passive bidomain equation which is rendered dimensionless in such a fashion that, for the three conductivity data sets, the left-hand side of the governing equation is approximately independent of the data chosen and all changes in epicardial potential distributions can be explained by studying the righthand side of the governing equation [12] . Analysis of the right-hand side shows that the ratios of conductivity values g il /g it and g et /g it arise naturally from this dimensionless formulation of the problem. The ratio g b /g it , where g b is the conductivity of blood, also comes from the boundary conditions of the normalised formulation. These three ratios are different to those used in [6] , but can be derived from the ratios studied therein.
The present study is undertaken by looking at ranges of the three abovementioned ratios which are derived from the three measured conductivity data sets. The resulting parameter space does not intersect with that considered in [6] , which, as discussed above, was motivated by simulation studies [11] .
The significance of the research undertaken here is that it provides an explanation of the effects that different experimentally measured sets of conductivity data have on the epicardial potential distribution. These conductivity sets, as mentioned above, have been shown to exhibit markedly different epicardial potential distributions, for a given geometry of cardiac tissue and degree of subendocardial ischaemia. Further, the study is restricted to these three data sets, as they all yield a value of the total longitudinal conductivity to total transverse conductivity ratio that is very close to 3.2, which, as will be shown later, means that the left hand side of the governing differential equation is approximately independent of the conductivity data set chosen.
The remainder of the paper is set out as follows. In the next section the governing equations and boundary conditions are described and the nondimensional formulation is established. Also, the model geometry is described and the parameter space defined. Section 3 presents results of the simulations in terms of epicardial potential distributions, and these are compared via the correlation coefficient. In Section 4, the results of the simulations are discussed in the context of previous simulation studies and the conclusions from these results are related to previous biophysical observations. Finally, overall conclusions are drawn regarding the study.
Methods

Governing Equations
The passive bidomain equation governs the electric potential in a region of cardiac tissue during the ST segment of the electrocardiogram and is given by [6] 
where φ e is the extracellular potential in the cardiac tissue, φ m is the specified transmembrane potential distribution and M i and M e represent conductivity tensors for the intracellular (i) and extracellular (e) spaces, respectively.
These conductivity tensors contain information about the local fibre direction.
The conductivity tensors take the form [13] 
for h = i or e, where G h is a diagonal matrix containing the conductivity values along the fibre direction, g hl , across the sheets of fibres, g ht , and between the sheets of fibres, g hn . Here it will be assumed that g ht = g hn . The matrix A = {a ij } is a rotation matrix mapping the local fibre direction into the global coordinate system. Under these assumptions it can be shown that
where I is the 3 × 3 identity matrix andâ is the unit vector indicating the local direction of the fibres [14] .
It will be further assumed that the cardiac tissue is in contact with a blood mass. The electric potential in the blood mass, φ b , is governed by Laplace's equation
Model Geometry
For the purposes of this study it will be assumed that the computational domain is represented by a slab of cardiac tissue, finite in the x and y directions and of unit thickness in the z-direction. The origin of the rectangular (x, y, z) coordinate system is placed in the centre of the tissue slab with the epicardial surface represented by the x − y plane (z = 0) and, since the cardiac tissue is of unit thickness, the endocardial surface is at z = 1. To mimic contact of the cardiac tissue with a blood in a ventricle, the endocardial surface is assumed to be in contact with a blood mass of finite size in the z-direction.
Placed at the centre of the slab of tissue is a region of partial thickness ischaemia, extending from the endocardium towards the epicardium. This region of ischaemia is parallelepipedal in shape, with sides aligned with the x and y coordinate axes, as shown in Figure 1 .
The transition, between the normal and ischaemic tissue, is described by a smooth variation in the transmembrane potential during the ST segment.
The difference in plateau transmembrane potential between normal and ischaemic tissue, ∆φ p , is set at -30 mV and the transition is described in terms of exponential and hyperbolic functions [15, 1] .
For this study, it will be assumed that fibres rotate through an angle of 120
• (chosen for consistency with previous models [1, 3] ), moving from the epicardium to the endocardium (as shown in Figure 1 ). The fibres on the epicardium are aligned along the positive x-axis, and so the longitudinal direction at any depth z, with respect to the positive x-axis, is given by
with the fibres on the endocardium rotated through 120
• . As mentioned above, this rotation is taken into account in the conductivity tensors by assuming that
Boundary Conditions
To solve the governing equations, several boundary conditions are required. It will be assumed that the epicardial surface is insulated, i.e.
which is chosen for consistency with previous simulations [1, 3] and to match experimental protocols, where epicardial potentials were measured in an open chest experiment [16] . It will also be assumed that the edges of the tissue and the blood mass in the x and y directions are insulated, i.e.
M e ∇φ e · n = 0 for 0 ≤ z ≤ 1 (8)
where n is the appropriate outward pointing normal. At the bottom of the blood mass, the potential is set to zero. Finally, continuity of potential and current is assumed between the tissue and the blood mass, so at z = 1
where g b is the conductivity of blood. These boundary conditions are chosen for consistency with previous studies [1, 3, 4] , in which it was argued that, given the scale of the problem under consideration, these boundary conditions are justified [17] . The boundary conditions have been reconsidered recently and modified [18] , but the modifications have been shown to make only a small difference when modelling ST segment shifts [19] .
Non-dimensional Formulation
To facilitate easier study, the governing equations will be rendered nondimensional by normalising the potentials, relative to the difference between normal and ischaemic transmembrane potentials, ∆φ p , and normalising the conductivity tensors with respect to the quantity g it + g et . Define the dimensionless potentials Φ m = φ m /∆φ p , Φ e = φ e /∆φ p and Φ b = φ b /∆φ p and the dimensionless tensors
Using this notation the governing equations (1) and (4) become
and
with appropriate expressions for the boundary conditions. The tissue/blood interface conditions are now that
Using the notation of Potse et al. [14] , the conductivity tensor N i + N e can be rewritten as
where
and a is a unit vector describing the fibre direction. The quantity δ is the ratio of the total longitudinal conductivity to the total transverse conductivity.
As shown previously [12] , to a good approximation, δ takes the value 3.2 for each of the three conductivity data sets of interest. Hence, to a good approximation, the left hand side of equation (12) is independent of the conductivity data set chosen. A consequence of this is that all differences between conductivity data sets come from the right hand side of equation (12) . For the remainder of this paper δ will be fixed at the value of 3.2.
Conductivity Ratios
The conductivity tensor N i takes the form
which contains two dimensionless groups (18) and
As noted previously [12] , there are two conductivity ratios which occur naturally in this dimensionless formulation, namely
A third conductivity ratio also comes from the right hand side of the continuity of current boundary condition (equation (14)), i.e.
The ratios g il /g it , g et /g it and g b /g it are summarised for the three experimentally determined conductivity data sets in Table 1 . The value of g b is taken to be the generally accepted value of 0.67 S/m [20] . It should also be noted that the quantity g el does not appear explicitly in this non-dimensional formulation.
Study Parameters
Given the range of conductivity values displayed in Table 1 , the parameter space for the sensitivity study is created as follows:
1. Let g il /g it take the values 5, 7, 9, 11.
2. Let g et /g it take the values 1, 5, 9, 13.
3. Let g b /g it take on the values 10, 15, 25, 35.
4. Calculate the value of g el /g it from the fact that δ = 3.2, i.e.
There are two things to observe from this parameter space. Firstly, the data of Roberts and Scher [9] sit very close to one corner of the parameter space, whereas the other two sets are quite close to the centres of faces of the three dimensional parameter space. Secondly, when g et /g it = 1, all values of g il /g it > 5 lead to negative values of g el /g it , which is physiologically unrealistic. These points were removed from the study, which further isolates the data of Roberts and Scher.
Equation (16) The parameter space defined here is in some aspects different to that chosen by Hopenfeld et al. [6] . Using the parameters defined for this study, the parameter space in [6] was given by 1 ≤ g et /g it ≤ 250, 13 < g b /g it < 1000
and 20 ≤ g il /g it ≤ 50. Whilst the ranges of the parameters g et /g it and g b /g it considered here are a subset of those considered by Hopenfeld et al., the ranges for the parameter g il /g it do not overlap at all. The range chosen in [6] was based on a previous simulation study of modelled cardiac tissue, whereas the range chosen here is based on experimental measurements.
To compare the effect of the different conductivity values, the dimensionless governing equations (12) and (13) were solved, subject to the given boundary conditions, using the finite volume method [21] . The point of comparison is a visual inspection of the epicardial surface potentials, along with measures of the correlation coefficient given by
where φ 1 and φ 2 are vectors representing two epicardial potential distributions and φ j is the average value of the distribution φ j , j = 1, 2. The correlation coefficient is chosen as a means of comparing two potential distributions as it is routinely used in electrocardiography to compare both body surface and heart surface potential distributions [22] .
Results
For this study, a slab of cardiac tissue of size 16cm × 16cm in the x and y directions and of thickness 1cm, as described previously [1] , was used.
The governing equations were solved using the finite volume method [21] , in which the blood mass had a depth of 26cm, the bottom face of which was set as the zero of potential. The centrally located ischaemic region had a size of 4cm × 4cm in the x and y directions and covered 50% of the depth of the tissue. All ischaemic borders were set at a value of 0.01, leading to a sharp interface between normal and ischaemic tissue. Finally, as mentioned above, fibre rotation was set at 120
• [23] . Figure 2 shows the epicardial potential distributions, obtained by solving the non-dimensional governing equations (12) and (13) for the conductivity data sets of (a) Clerc [7] , (b) Roberts et al. [8] and (c) Roberts and Scher From this figure, it can be seen that, for a fixed ratio of g il /g it , increasing
the ratio g et /g it induces only slight changes in the epicardial potential distribution. For example, across the first row, there is only one peak in each potential distribution for most values of g et /g it with three peaks appearing for g et /g it = 13. Also, the distributions appear to become elongated in the y-direction and smaller in magnitude as this ratio increases. On the other hand, moving down the columns shows some significant changes. In the second row, the potential distributions are again similar to each other, with decreasing magnitude as the ratio increases. Across this row there are three peaks in each distribution, with the central peak lower than the outer two.
In the third row, each distribution shows two peaks with column 2 having a third small peak in the centre, column three having two small valleys of negative potential which merge together towards the centre of the slab as the ratio g et /g it increases (column 4). Finally, in the fourth row, negative valleys appear in each column and merge across the centre of the ischaemic region moving from left to right across the row. In summary, there are more significant changes moving down a column than there are moving across a row. It should also be pointed out that in this figure the potentials in the upper left hand data set are much higher than those from any other data set.
To further strengthen the observations from Figure 3 , consider the correlation coefficients also displayed in the figure. It can be seen that while moving across a row, the correlation coefficients, calculated relative to column 2 (left hand value), do not reduce markedly. However, they do drop more rapidly moving across the row, as the ratio g il /g it increases. There is a significant drop in the value of the correlation coefficients, calculated relative to row 1 (right hand value), observed while moving down a column. The drop in right hand correlation coefficients is much larger, moving down a column, than the decreases in left hand correlation coefficients, when moving across a row of Figure 3 . Figure 4 shows epicardial potential distributions, as described in Figure   3 , for the ratio g b /g it = 15. Similar comments to those regarding Figure 3 also apply here: moving across a row only induces small changes in the potential distributions, whereas moving down a column induces major changes.
However, the main difference here is that the changes are not as significant as those in Figure 3 . This is borne out by the correlation coefficients, which are much higher than the corresponding values in Figure 3 .
Figures 5 and 6 show the epicardial potential distributions with the ratios g b /g it = 25 and g b /g it = 35, respectively. As was observed in the previous figures, increasing the ratio g et /g it , for a fixed ratio g il /g it , has a less dramatic effect than increasing the ratio g il /g it , for a fixed ratio g et /g it . The changes in an approximation to the conductivity data of Roberts et al. [8] and the plot in column four, row 3 (indicated by *) in Figure 6 closely approximates the data of Clerc [7] . The underlying change in moving from Figure 3 to Figure 6 is that the ratio g b /g it increases monotonically from 10 to 35. These figures show that the effects of changing the ratios g et /g it and g il /g it are diminished as g b /g it increases. This also follows from a comparison of the correlation coefficients.
That is, increasing the ratio g b /g it leads to less dramatic changes in the potential distributions.
Discussion
The results from the previous section show that, for a given ratio of g b /g it , fixing the ratio g il /g it and varying the ratio g et /g it leads to reasonably small changes in epicardial potential distributions computed for a slab of cardiac tissue. Also, changes become smaller as the ratio g b /g it is increased.
On the other hand, for a given ratio of g b /g it , fixing the ratio g et /g it and varying the ratio g il /g it leads to much more significant changes in the potential distributions. Again, these changes become less apparent as the
It could therefore be concluded that the ratio g il /g it has a much more significant effect on the epicardial potential distribution than the ratio g et /g it .
In other words, the intracellular conductivity along the fibre is much more important than the extracellular conductivity across the fibres in determining the resulting epicardial potential distribution.
These observations go some way to explaining the differences between the epicardial potential distributions obtained from the data sets of Clerc [7] , Roberts et al. [8] and Roberts and Scher [9] , since the first row of each of the figures presented (ignoring changes in the ratios g et /g it and g b /g it ) is
representative of the data of Roberts and Scher, whereas the entries in the third and fourth rows are representative of the data of Clerc and Roberts et al.. This is based on the fact that it does not appear to matter that these distributions are in different columns within the figures.
Varying the ratio g et /g it , for fixed g b /g it and g il /g it , has interesting consequences. The quantities g et and g b are linked through the continuity of current boundary condition at the tissue-blood interface. It can be seen from equation (22) that increasing g et /g it results in an increase in g el /g it , which effectively allows more current to travel through the entire extracellular space in the tissue in preference to passing into the blood. This explains the similarities in potential distributions as the ratio g et /g it is increased.
Alternatively, increasing the ratio g b /g it , for fixed g et /g it and g il /g it , allows current to move more easily through the blood (i.e., the blood becomes more of a current sink at the tissue-blood interface). This has the effect of damping out the changes in epicardial potential distributions seen in moving through Figure 4 and column 4 of Figure 6 .
Since all the correlation coefficients in Figure 7 are very close to 1, it can be concluded that even when the current continuity boundary condition is artificially adjusted to maintain a constant ratio of conductivity between the blood and the extracellular tissue, the most significant contribution to changes in the shape of the epicardial potential distributions is the ratio g il /g it . It should be noted that the magnitudes of the distributions do depend on the ratios g b /g it and g et /g it .
As mentioned previously [12] , similarities in the ratio g il /g it were used as a basis for explaining the similarities between the respective epicardial potential distributions based on the data sets of Clerc and Roberts et al.
There are distinct differences between these distributions and that from the data of Roberts and Scher, as shown in Figure 2 . The basis for this argument comes from the work of Hopenfeld et al. [5, 6] , which states that the epicardial potential distribution depends on the ratio of the current flows across the lateral and transmural boundaries between normal and ischaemic regions of the tissue. Given the simple geometry studied here, it is straightforward to show that this ratio of currents is equivalent to the ratio g il /g it [12] .
In the context of the experimentally determined conductivity values, the data of Clerc [7] and Roberts et al. [8] give rise to tripolar epicardial potential distributions, with large potential gradients near the lateral ischaemic boundary, whereas those of Roberts and Scher generally yield a monopolar pattern without large potential gradients. This can be explained by the fact that, for Roberts and Scher, the value of g il /g it is 5.7, whereas the ratios are 9.0 and 10.8, respectively, for the other two data sets (see Table 1 ). Hence, for the Roberts and Scher data, there is reduced current flow across the lateral boundary of the ischaemic region compared to that over the transmural boundary. If the current flow across the lateral boundary could be increased, by increasing the degree of ischaemia, say [6] , then it could be expected that a tripolar epicardial potential distribution and large potential gradients would result. This is indeed the case, as shown in Figure 8 , which presents the epicardial potential distribution for the data of Roberts and Scher with 80% ischaemia.
Conclusions
A sensitivity study of cardiac tissue conductivity values has been undertaken to attempt to explain the differences between epicardial potential distributions observed when using various experimentally derived conductivity data sets [7, 8, 9] . The study was based on a recently presented nondimensional formulation of the passive bidomain equation [12] and considered a different parameter space to that considered previously [6] .
It was found that varying the ratio g et /g it for fixed g il /g it and g b /g it gave rise to only slight changes in the epicardial potential distribution. This was observed via visual comparisons of the distributions presented and supported by calculations of the correlation coefficient. However, varying the ratio g il /g it for fixed g et /g it and g b /g it , showed significant variation in the epicardial potential distributions, which movedg from one to three peaks in the distribution as g il /g it increased. Further, fixing the ratio g b /g et showed that the epicardial potential distributions changed only with the ratio g il /g it .
It should also be stated that the other ratios studied do affect the epicardial potential distribution, but it appears that the most significant effects are produced by the ratio g il /g it .
This study shows that variations in the ratio g il /g it are most likely to explain the differences in epicardial potential distributions obtained from the three experimentally determined conductivity data sets. The data of Clerc yield g il /g it = 9.0 and the data of Roberts et al. yield g il /g it = 10.8
and both of these give three peaks in the epicardial potential distribution.
The data of Roberts and Scher give g il /g it = 5.7, which induces only one peak in the epicardial potential distribution.
The data of Roberts and Scher are at the corner of the parameter space considered here, whereas the other two data sets lie on "faces" of the three dimensional parameter space. From a biophysics point of view, Roberts and Scher's data induce a much lower ratio of lateral to transmural boundary current flow from normal to ischaemic region than the other data sets. Further, this data set fails to give the large potential gradients which are observed experimentally above the borders of the ischaemic regions [16] . Given the extreme nature of this data set, perhaps it is appropriate to consider these conductivity values as outliers.
There have also been questions raised over the values suggested by Clerc [11, 24] . According to [11] , Clerc's reported value for g el would imply nonphysiologically high concentrations of sodium or chloride ions in the interstitial fluid. Further, in [24] , the model underlying the analysis of Clerc's experimental data is considered to be inadequate.
In light of the above discussion, it is suggested that it might be most appropriate to use the data of Roberts et al. [8] for future simulation studies. This is consistent with recent work [12] , based on simple modelling, which suggested taking g il /g it = 10 and g et /g it = 5.25, values that are very close to the ratios obtained from the data of Roberts et al.. Table and Figure Captions   Table 1 : Conductivity data for the three indicated experimental studies (given in S/m) and derived quantities used in this study. from the data of Clerc [7] , panel (b) is generated from the data of Roberts et al. [8] and panel (c) is generated from the data of Roberts and Scher [9] . by the * is an approximation to the data of Roberts and Scher [9] . indicated by the * is an approximation to the data of Clerc [7] . 
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